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In this paper we shall consider the Hodge group Hg(Λ) of an abelian variety A which is a product -of elliptic curves and give the following result:
For non-isogenous elliptic curves E i (i=l, 2, •••, n),
Hg(E λ x -xE n )=Hg(EJx ... xHg(E n ).
Secondly we shall show that the Serre's conjecture about the relation between Hodge groups and /-adic representations is true if the abelian variety concerned are of the above type (under some condition concerning /-adic representations).
Let Λ=C
g /L be a complex torus of dimension g. Denoting by V the Q-linear span of L, we obtain the following data:
(i) a 2g -dimensional Q-vector space V (ii) a complex structure on V R =Vξ2) Q R; (ni) a lattice LdV.
The datum (ii) is equivalent to either of the following data:
(ii') an endomorphism J:V R^VR such that J 2 = -1; (ii") a homomorphism of algebraic groups φ:T-+GL(V) defined over R where T is the compact 1-dimensional torus over R, i.e., T R -{z^C\ \z\=l} and such that φ, as a representation of G m , has weights +1 and -1, each with multiplicity g. 
where A t is a constant matrix. As //C^/iX ." xH n^G^r H is defined by equations of following form if we identify H as a subgroup of Gi (via conjugation by A on the i-th component) :
where X % is the z'-th coordinate of Gm We want to prove ^=0 (z=l, • • • , n). As (2, -,z)eG£ (corresponding to (φfc), -, ^n(z))eJΪ) satisfies (*), we have Σe<=0.
As # is defined over Q, Λ: σ e7/ for all zeT/ and for all <τeAut(C). Take primes Pι, ,Ps which devide some d % and take σeAut(C) such that σ(Vpj)= -^¥ 3 U=l, -,s), σ(Vq')=Vg' (for other primes q). Putting the point of Gί 
We use the induction on n and suppose that the proposition is true for n-1.
Suppose 2 , and as Aut(SL 2 )=Inn aut(SL 2 ), there exists an isomorphism a : V l -^V n defined over Q (as TΊ is defined over Q) such that TΊ is induced from a.
We have γ^pr l =pr n from the above presentation of H. Applying this formula to (&( V=T), -,Φn( V^T)), we have φ n ( V=T)=rι(&( V=T))=αo0 1 ( V=Γ)o«-\ i. e., α is C-linear. Therefore some integral multiple of a defines an isogeny E^En. This is a contradiction.
Lastly Hence dim /ί=dimD+ dim /ί^Σ dim (//»).
1=1
Therefore we have H^H^X ~ xH n .
Remarks.
If £ α and E 2 are isogenous elliptic curves, the Hodge group of obtained as :
where λ:E 1 -^E 2 is an isogeny viewed as a map V^-*^, and GL(Vz) is the map induced from λ To see this, we first observe that the right hand side contains the group φ(T) which gives the complex structure on E^Eâ nd is defined over Q. Hence the left hand side is contained in the right hand side. On the other hand as dim Hg(E 1 xE 2 )^άim Hg(E l \ which follows from the surjectivity of M restricted to Hg(E 1 xE 2 ), we have the desired equality.
For the product of elliptic curves (isogenous or not), its Hodge group can be obtained as follows :
Let £/*> (i=l, -, n, j=l, -, m t ) be elliptic curves such that £/*>, EjP> are isogenous and £, (ί) , Ej,^ (iφi'} are non-isogenous. Then,
We outline the proof of this and we use induction on the number of elliptic curves. Let £, cί) be as above and let E be another elliptic curve. If E is isogenous to some £j cί) , say Ef n \ then one can prove by the similar argument as the induction hypothesis on Π E^ we have disired isomorphism by dimension counting. In the case when E is non-isogenous to any E^\ the case when mi=l (i= 1, -,rϊ) has been proved in the proposition and the case when some m z >l may be reduced to the above case by interchanging E^ and E.
There is a conjecture due to Serre, which states the relation between the Hodge group and /-adic representation as follows :
Let A be an abelian variety of dimension g defined over an algebraic number field K of finite degree. Let
be the /-adic representation attached to A where K is the algebraic closure of K and Ti(A) is the Tate module of A.
Let & be the Lie algebra of /-adic Lie group pι(G), and let ΐ) be the Lie algebra of Hg(A), then
In the case when A is the product of two elliptic curves (with some restriction concerning /-adic representations) this conjecture is verified easily by the proposition of this paper and by the theorems 6, 7 of [5] , § 6.
In the case when A is the product of elliptic curves, this conjecture is also true as the proposition and the following statement show (in what follows all elliptic curves are assumed to be defined over an algebraic number field K). (ii) Let Ei (z=l, * ,n) be non-isogenous CM-type elliptic curves. By using the same notations as in (i), we have the same result as in (i).
The proof of (i) is almost the same as that of the proposition. In fact using induction on n, under the hypothesis that (i) is false for n, the projection g{ (*!»••• ,*n-ι) I *ί^flί cί) , TτXi=ΎrXj} is an isomorphism by the similar argument when restricted to the semi-simple parts and on the radical parts it may be verified easily by taking traces on both sides (cf. [3] Chapter 1, § 1, 2). From this one can prove that some g £ (ί) is isomorphic to 0ι cτ° by the same argument as in the proof of the proposition. This contradicts to the hypothesis in (i), hence we have the disired result.
For the proof of (ii) we use the result of complex multiplication. But this is elementary and can be proved easily. Let E lt ••• ,E m be elliptic curves as in (i), and let E m+1 , ••• ,E n be as in (ii), then we can prove the same result as in (i) using exactly the same argument as in the proof of proposition.
